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Deepa Kodali1 and Chang-kwon Kang2 
University of Alabama in Huntsville, Huntsville, AL 35899 

Intricate features of the biological flight characterized by flexible wings interacting with 
surrounding fluid have not been adequately explored. One of the main challenges to predict 
aerodynamic forces is that wing shape and motion are a priori unknown. In this study, we 
derive an analytical fluid structure interaction model for forward flight by modeling the wing 
as an elastic beam under imposed kinematics. Theodorsen’s unsteady lift model, which 
consists of the added mass and circulatory lift, is considered for the fluid dynamic force term. 
Instantaneous wing deformation and the aerodynamic performance, including lift, thrust, 
power input and efficiency are obtained from the analytic model and are compared to the 
high-fidelity numerical computations of fully coupled aeroelastic framework. Effects of 
chordwise flexibility on the force generation are elucidated. A comprehensive report on the 
propulsive efficiency will be presented in the full paper. More detailed analysis and 
comparisons will be reported in the full paper including the optimal efficiency comparisons. 
Such models and analyses revolutionize the understanding of bio-inspired aeroelastic 
mechanisms which are highly valuable for modeling the stability and control of flapping flyers 
and vehicles. 

Nomenclature 
c = chord [m] 
CL = coefficient of lift [1] 
CP = coefficient of power [1] 
CT = coefficient of thrust  [1] 
E = Young’s modulus [Pa] 
f = flapping frequency [1/s] 
f1 = first natural frequency of the wing [1/s] 
F = fluid force acting on the wing per unit length [N/m] 
h = plunge motion of the wing [m] 
ha = plunge amplitude [m] 
hs = thickness of the wing [m] 
k = reduced frequency, πfc/U [1] 
Re = Reynold’s number, ρfUc/μ [1] 
St = Strouhal number, 2fha/U [1] 
t = time [s] 
T = temporal part of the separation of variables: w (x*,t*)=X (x*) T (t*) [1] 
u = trailing edge displacement: u=w+h [m] 
U = reference velocity [m/s] 
w = wing deformation relative to the imposed motion h [m] 
X = spatial part of the separation of variables: w (x*,t*)=X (x*) T (t*) [1] 
α = geometric angle of attack [o] 
μ  = dynamic viscosity of the fluid [Ns/m2] 
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П0 = effective inertia: ρ*hs
*(k/π)2 [1] 

П1 = effective stiffness: Ehs
*3/(12ρfU2) [1] 

ρf = density of fluid [kg/m3] 
ρs = density of structure [kg/m3] 
ω1 = non dimensional natural frequency of the wing: 2πf1/f [1] 
()* = variables normalized either by c (length), 1/f (time), or ρf (density) [1] 
(¯) = time-averaged variables [1] 

I. Introduction 
LASSICALaerodynamic theories have thus far provided reasonable explanations for the aerodynamic 
performance of conventional aircraft, which operate at high Reynolds number regime. However, scaling laws 

clearly indicate that the lift generation mechanisms of conventional aircraft cannot be utilized by low Reynolds number 
flyers, such as Micro-Air Vehicles (MAVs) or biological flyers1. Furthermore, since MAVs are of light weight and 
operate at lower speeds, they are susceptible to wind gusts and their wings are often flexible and tend to deform 
significantly during flight1–3. As a consequence, aerodynamics, structural dynamics and flight dynamics are coupled 
together to understand the physics involved in the flapping wing aerodynamics. Fluid force on the wing is affected by 
the wing motion, which in turn results in the changes in wing shapes and motion. Therefore the interaction between 
the fluid force and structural dynamics results in highly coupled nonlinearities, which are a challenge to the successful 
development of MAVs. 

Biological flyers exhibit the intriguing flight characteristics and performance objectives and strategies in nature 
that can be adapted to the design of MAVs1,3,4. Large flapping wing movement and rotation, small size and low flight 
speeds of biological flyers describe the prominent characteristics of aerodynamics applicable to MAVs1. Biological 
flyers also perform rapid accelerations and decelerations in small confined spaces. Investigation of biological flight 
helps designers understand the features of operating under gusty conditions, avoiding threats or performing maneuvers 
with flexible wing shapes. The first scientific explanation of the bird flight was given by Knoller5,6 in 1909 in which 
the generation of lift and thrust forces were explained by analyzing the flapping motion of an airfoil. 

Insect, bird and bat wings are flexible and tend to deform during flight7,8. Recent efforts have shown that wing 
flexibility can enhance propulsive force generation while reducing the power consumption9–13. Even though numerous 
studies were performed to understand the wing kinematics and the physics involved in such flight, the analysis of the 
closely coupled fluid structure interaction systems investigated so far has been insufficient to explain all the important 
features of the interaction of the flexible wings with surrounding air. 

One of the main predicaments of the analysis of flexible flapping wing aerodynamics is that wing shape and motion 
are a priori unknown and complex as they result from the coupled aerodynamics and structural dynamics14. One of 
the approaches to overcome this challenge is to use an abstracted model which simplifies the wing structure, geometry 
and kinematics to feature the complex physical phenomena in a first-order approximation. In this study, we consider 
chordwise flexibility. The flexural stiffness in insect wings is orders of magnitudes higher in the spanwise direction 
than in the chordwise direction15. 

Moreover, the chordwise wing deformation acts as passive pitch, changing the effective angle of attack16. Angle 
of attack plays a crucial role in generating lift. Heathcote and Gursul5 and Quinn et al.17 performed experimental 
studies to investigate the thrust and efficiency of chordwise flexible airfoils in forward flight in water. Thiria et al.18 
and Ramananarivo et al.11 conducted an experimental study to measure the thrust and propulsive efficiency of a self-
propelled flapping flyer with flexible wings in air. Kang et al.10 considered high-fidelity numerical simulations and 
proposed scaling relationships between aerodynamic performance and a dimensionless parameter  that applies for 
flapping water and air. However, while the high-fidelity simulations13,16,19,20 and experimental work11,18 can yield 
instantaneous information of the flow field and wing deformations of flexible flapping wings, analytical formulation 
of the lift and wing deformation as a function of time has not been developed for flexible flapping wings in forward 
flight. 

Recently, Kang and Shyy14 predicted the instantaneous lift on flexible wing in hover by deriving an analytic and 
fluid-structure interaction model. Analytical models help to demonstrate the relation between various physical 
mechanisms involved in the flight and offer a framework to analyze the nature of fluid-structure interactions. 
Moreover, when compared to the computational and experimental models analytical model proposes a faster way to 
analyze the aerodynamics. 

In this paper, we will present an analytic fluid structure interaction model to predict the aerodynamic performance 
of a chordwise flexible flapping airfoil in forward flight. The airfoil is modeled as a combination of a rigid teardrop 
with elastic flat tail, following the experiments by Heathcote and Gursul5. Kang et al.10 introduced scaling relationships 

C 
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to estimate the time-averaged thrust, power input required, and efficiency for the flexible wing system. Here, we derive 
a closed-form analytical expression of thrust, lift, and wing deformation as a function of time. 

We model the fluid dynamic force acting on the wing with Theodorsen’s unsteady lift21, which is decomposed into 
two components: i) the acceleration-reaction force, linearized by added mass and ii) the circulatory force induced by 
vorticity in the flow field. We assume that the wing deformation is small, but the fluid-structure interaction coupling 
is two-way. We assess the accuracy and validity of the presented model by comparing the results to the high-fidelity 
numerical results by Kang et al.10 and Heathcote and Gursul5. Instantaneous information of both wing deformation 
and resultant forces on the wing is crucial in order to understand the flight stability and control of flapping wing 
flyers14,22. 

In the current abstract, the derivation and main results of the analytical model are presented. Moreover, resulting 
thrust, and lift, are compared to the high-fidelity numerical results10. In the main paper, we will include additional 
discussion of the model, based on the efficiency, optimal efficiency parameters, flow structures, such as vortical 
evaluation and shape of the wake, from the high-fidelity results. 
 

II. Methodology 

A. Case Set up 
To model the first-order mechanisms involved in the assessment of chordwise flexibility for the force 

enhancement, structural response of the airfoil and the fluid force acting on the foil are analyzed. We consider forward 
flight for purely plunging airfoil. The airfoil with chord c consists of a rigid teardrop (leading edge) and elastic flat 
plate (tail) shown in Fig. 1(a). We impose a sinusoidal plunge motion h with plunge amplitude ha and frequency f as a 
function of time t on the rigid teardrop  
 

 h(t)  h
a
(cos2ft 1). (1) 

 
The density of the flexible tail is ρs, the Young’s modulus is E, and the thickness is hs. The flexible flat plate 

deforms in dynamic balance between the wing inertia, fluid dynamic force, and elastic restoring force, resulting in an 
effective angle of attack . The resultant force in the direction of the plunge motion is the lift L and the force parallel 
to the free stream U is thrust T. The fluid density is ρf  and the viscosity is μ. 

The dimensional variables and the governing equations are non-dimensionalized with U, as the velocity scale, 1/f 
as time scale and c as length scale. The superscript (*) indicates non-dimensional variables. The reduced frequency k 
is k=πfc/U and is a measure of unsteadiness by comparing spatial wavelength of flow disturbance to the chord23. 
Another critical metric in flapping wing aerodynamics is the Strouhal number St=2fha/U, indicating the ratio between 
flapping speed and reference velocity. Strouhal number also characterizes the vortex dynamics of the wake and 
shedding behavior of vortices of a flapping wing in forward flight1,23. 

 

 
Figure 1. Schematic of the considered case setup.(a) Considered airfoil with rigid teardrop and elastic flat 
plate; (b) Direction of forces on the elastic flat plate, which are normal and parallel to the imposed plunge 
motion.  
 

Thrust generation of these airfoils in forward flight is studied experimentally by Heathcote and Gursul5 and 
numerically by Kang et al.10 for the parameters shown in Table 1. The Reynolds number Re=ρfUc/μ=9.0103 is the 
ratio of the inertial forces to the viscous forces of the fluid. The dimensionless parameter for fluid structure interaction 
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is the frequency ratio f/f1 where the first natural frequency f1 is measured in the chordwise direction between leading 
edge (LE) and trailing edge (TE). Additionally, the density ratio is given as ρ*=ρs/ρf, and thickness ratio is defined as 
hs

*=hs/c. Based on the scaling arguments24, Kang et al.10 developed a non dimensional shape deformation parameter  
as shown in Eq. (2) which includes the effects of k, f/f1, hs

*and ρ* such that individual effects of these materials and 
flapping parameters are integrated into single parameter16. The physical interpretation of  is a length scale for resulting 
trailing edge (TE) deformation to leading edge (LE) and approximately almost characterizes the added mass force. 
The dimensionless parameters that are used in the present analytical study are summarized in Table 1. 

 

 
  

* *
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Table1. Dimensionless parameters that we considered as variables in the current model and specific values 
of the dimensionless parameters in the high-fidelity numerical results10. 

 Definition Ranges in the high-fidelity computation10 

Reynolds Number, Re ρfUc/μ 9.0×103 

Density ratio,  ρs/ρf 7.8 

Thickness ratio, hs
* hs/c 4.23×10-3, 1.41×10-3, 1.13×10-3, 0.85×10-3, 0.56×10-3 

Strouhal number, St 2πfha/U 

hs
*= 4.23×10-3, 1.41×10-3,  

1.13×10-3:
0.075, 0.1, 0.125, 0.15, 0.175, 0.2, 
0.225, 0.25, 0.275, 0.3 

hs
*=0.85×10-3: 

 
0.075, 0.1, 0.125, 0.15, 0.175, 0.2, 
0.225, 0.25 

hs
*=0.56×10-3: 0.075, 0.1, 0.125, 0.15 

Reduced frequency, k πfc/U k=πfc/U=St/(2ha/c)=St/(0.388) 

Frequency ratio, f/f1 
2

0
4

1
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To investigate the effects of flexibility on fluid dynamic performance of the chordwise flexible flapping wing, 

wing deformations are computed at five different flat plate thicknesses (hs
*=4.23×10-3, 1.41×10-3, 1.13×10-3, 0.85×10-

3 and 0.56×10-3) with Young's modulus E=2.05×1011 Pa and Strouhal numbers from St=0.075 to 0.3with interval of 
0.025, following Kang et al.10Plunge amplitude ha/c=0.194 and density ratio ρ*=7.8 are held constant for all cases. 
The reduced frequency k varies accordingly from 1.4 to 4.86. We selected three cases with varying deformation as a 
rigid, flexible, and very flexible cases as shown in Table 2.  
 
Table 2. Rigid, flexible, and very flexible cases that we use to present the proposed model 

 Rigid Flexible Very flexible 
Thickness ratio, hs

* 4.23×10-3 1.13×10-3 0.85×10-3 
Strouhal number, St 0.2 0.225 0.25 
Reduced frequency, k 3.24 3.64 4.08 

 
For the rigid case, the wing hardly deforms, whereas the flat plate in the very flexible case deforms significantly. 

We will show that the accuracy of the model improves as the deformation becomes smaller. 
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B. Euler-Bernoulli Beam Model 
We model the transient response of the flexible tail with the linear Euler-Bernoulli beam model. The governing 

equation for the Euler-Bernoulli beam equation is shown in Eq. (3) where u is the transverse displacement of the beam, 
A is the area of cross section of the beam, I is the inertia of the wing and F is the distributed transverse fluid force per 
unit length, which dynamically balances the wing inertia and the elastic bending forces  

 

 
2 4

2 4
.

u u
A EI F

t x

 
 

 
  (3) 

 
Equation (3) is non-dimensionalized with the same parameters, mentioned in Section IIA, resulting in Eq. (4), 

which is a partial differential equation for the normalized vertical displacement u* in one-dimension in space with 
0≤x*≤1 and t*≥0 
 

 
2 * 4 *

*
0 1*2 *4

,
L u c u

F
c Lt x

             
 (4) 

 
where П0=ρs

*hs
*(k/π)2 is the effective inertia, П1=Ehs

3/(12ρfU2) is the effective stiffness, U is the free stream velocity, 
and F* is the normalized fluid force on the wing. The boundary conditions are the prescribed plunge motion h*(t*) on 
the rigid teardrop and a free end at the TE. Equation (4) can be solved by decomposing u*as u*(x*,t*)=w*(x*,t*)+h*(t*) 
where w*(x*,t*) is the relative displacement of the wing with respect to the imposed kinematics motion. The factor L/c 
in the Eq. (4) is 2/3 for the elastic flat plate and is considered as 1/3 for teardrop. The solution procedure is the same 
as in Kang et al.10 and Kang and Shyy.14 

C. Theodorsen's Unsteady Airfoil Theory 
The fluid-structure interaction in a flexible flapping wing is a two-way coupled system, which includes the 

influence of fluid dynamic forces on the wing deformation and the effect of wing deformation on fluid dynamic force. 
An important issue in the flow physics of oscillatory airfoils is the lag between the airfoil motion and the aerodynamic 
response. The phase lag is an unknown function of the reduced frequency, Strouhal number, Reynolds number, 
frequency ratio, etc., in general. We approximate the unsteady lift by the Theodorsen’s model21, which provides a 
linearized unsteady aerodynamics model beyond the quasi-steady approximation for a sinusoidal pitch-plunge motion 
of a thin airfoil, by assuming planar wake and a trailing edge Kutta-condition, in incompressible, inviscid flow. 
Theodorsen’s lift is 
 

  (5) 

 
First term in Eq. (5) represents the added mass or the non-circulatory lift due to acceleration effects and the 

second term models the circulatory lift. Baik et al.25 showed that force measurements agreed better with Theodorsen’s 
model when the Theodorsen function C(k) was set to one. Theodorsen function is a complex valued function of k, 
responsible for reduction in lift as well as some phase lag. In this study, we consider C(k)=1. 

D. Aerodynamic Forces 
Lift and thrust are critical metrics for the aerodynamic performance. We use the following force coefficients, where 

L and T are the lift and thrust per unit length, respectively. Directions are shown in Fig. 1(b). 
 

 
2 2

f f
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 (6) 

 
To measure the cost of performance, time-averaged power input CP is estimated from the time-average of product 

of coefficient of lift and plunge velocity ḣ. The ratio between time-averaged thrust and time-averaged power input 
gives efficiency which is the measure of aerodynamic performance, which we will consider in the main paper. 
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III. Results and Discussion 

A. Solution of the Two-way Coupled Model 
One of the main assumptions for the Euler-Bernoulli beam model is that dw/ds is assumed to be small, where s is 

the coordinate along the wing, which is also shown in Fig. 1(b). Hence the passive pitch angle θ between leading edge 
and trailing edge remains small correspondingly, as θ≈(wTE–wLE)/c~∆w/∆s≈dw/ds<<1, where wTE is the relative 
deformation of the wing at the trailing edge and wLE is at the leading edge. As a consequence, the fluid dynamic force 
in Eq.(4) can be assumed to act normal to the wing as shown in Fig. 1(b). Similar small deformation assumption was 
successfully applied to the analytical model of lift and wing deformation in hover14. 

Based on the small deformation assumption, we neglect the angle of attack terms in Eq. (5). The resulting force in 
dynamic balance with the flat plate becomes 

 

  (7) 

 
The resulting partial differential equation can be solved using the method of separation of variables which is discussed 
in a comprehensively by Kang et al.10,14 

B. Wing Deformation 
The solution for the relative wing deformation obtained by method of separation is given in Eq. (8) 
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where Qn is the Fourier coefficient given by 
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 (9) 

 
Many insect flyers flap their wings far below the primary resonance11. Motivated by the sub-harmonic frequency 

ratio of insects, we only consider the first harmonic mode. 
Figures 2(a), (b) and (c) show the trailing-edge motion uTE, normalized by the plunge amplitude, as a function of 

time. Current analytical results are compared against high-fidelity numerical results10. When the thickness ratio is 
hs

*=4.23×10-3, for Strouhal number of 0.2, the wing hardly deforms and the agreement is excellent. As the thickness 
ratio reduces to hs

*=1.13×10-3, with increase in Strouhal number to 0.25, flexible tail starts to deform more and the 
analytical model slightly overpredicts the magnitudes at the start and end of the strokes. When the thickness ratio 
further decreases to hs

*=0.85×10-3, at St=0.25 the deformation is comparably high at the beginning and at the end of 
the stroke. Still, the overall trend is well captured. 
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Figure 2. Trailing-edge displacement uTE normalized with plunge amplitude ha as a function of non-
dimensional time t* for the purely plunging chordwise flexible airfoil for (a) rigid (hs

*=4.23×10-3, St=0.2), (b) 
flexible (hs

*=1.13×10-3, St=0.225), and (c) very flexible (hs
*=0.85×10-3, St=0.25) cases. High-fidelity results are 

from Kang et al.10 
 

Relative displacement of the airfoil normalized with plunge amplitude as a function of time is shown in Figs. 
3(a), (b) and (c) for rigid, flexible and very flexible cases with Strouhal number of 0.2, 0.225 and 0.25 respectively. 
Figure 3(a) shows almost negligible deformation for the rigid case, similar to the high-fidelity numerical computations. 
The flexible airfoil is compared to numerical computations in Fig. 3(b). For the flexible case, analytical deformation 
slightly overpredicted relative displacement at the beginning of the stroke and then is underpredicted it from t*=0.25 
through 0.75, and then again overpredicts it through the end of the stroke. Figure 3(c) describes the very flexible case, 
in which the analytical deformation overpredicts the numerical computations until t*=0.25 and from t*=0.25 to 0.75 
the numerical deformation is under predicted and then at end of the stroke it over predicts. We can observe that as the 
flexibility increases the agreement with high-fidelity numerical solution downtrends. 
 

 

 
 
Figure 3. Time history plots of analytic relative tip deformation deformation wTE normalized with plunge 
amplitude ha for (a) rigid (hs

*=4.23×10-3, St=0.2), (b) flexible (hs
*=1.13×10-3, St=0.225), and (c) very flexible 

(hs
*=0.85×10-3, St=0.25) cases. High-fidelity results are from Kang et al.10 

 
To characterize the structural response, the amplitude of the relative displacement normalized to the plunge 

amplitude wa/ha is compared to the high-fidelity data in Fig. 4 for all considered various thicknesses and frequencies. 
Amplitude for the relative wing displacement is calculated by using first harmonic motion where the displacements at 
mid of the stroke and at quarter of the stroke are known from the relative displacement equation which is shown in 
Eq. (8) for various time steps. Relative wing displacements are very small for the thickest airfoil hs

*=4.23×10-3and are 
on par with the computational data as illustrated in Fig.4. As the airfoil thickness decreases, the amplitudes of the 
current analytical computations become higher than the high-fidelity computations. For the thinnest airfoil 
hs

*=0.56×10-3 the amplitudes are comparably high. 
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Figure 4. Analytic relative tip deformation amplitude wa normalized with plunge amplitude ha plotted against 
high-fidelity numerical computations10 for various thicknesses and Strouhal numbers considered. (■) 
hs

*=4.23×10-3, (▼) hs
*=1.41×10-3, (♦) hs

*=1.13×10-3, (●) hs
*=0.85×10-3, (▲) hs

*=0.56×10-3 . 
 

C. Lift Generation on Flapping Wing 
A flyer needs to generate sufficient lift to sustain its weight. For rigid wings without active pitch rotation, a pure 

plunge motion generate lift that depends on the velocity and acceleration of the motion. Higher motion frequencies 
yield higher velocity and acceleration magnitudes, resulting in higher lift peaks. For flexible wings, wing deformation 
acts as passive pitch that leads to positive thrust.  

We calculate lift with Theodorsen’s unsteady lift formula given by Eq. (5) based on the prescribed plunge motion 
h(t) and the passive pitch α(t) due to wing deformation. Assuming small deformations from Fig. 1(a) the passive pitch 
angle α(t) is estimated as the ratio of relative displacement w and the chord length of the flat plate which is 2c/3. 

 

 1tan
2 / 3 2 / 3

w w

c c
     
 

 (10) 

 
The Lift coefficient is calculated separately for the rigid teardrop and elastic flat plate as follows 
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where LP and Ld are the lift forces on elastic flat plate and rigid teardrop, respectively. 

Results pertaining to the lift coefficient which are calculated from Eq. (11) are compared to the numerically 
computed lift results10. 

 

 
 
Figure 5. Time histories of lift for (a) rigid (hs

*=4.23×10-3, St=0.2), (b) flexible (hs
*=1.13×10-3, St=0.225), and (c) 

very flexible (hs
*=0.85×10-3, St=0.25) cases. High-fidelity results are from Kang et al.10 
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The time histories of lift coefficient for three flat plates representing rigid (hs
*=4.23×10-3), flexible (hs

*=1.13×10-

3) and very flexible (hs
*=0.85×10-3) plates with increasing Strouhal numbers from 0.2 to 0.25 are shown in Fig. 5. At 

lower Strouhal numbers of 0.2 for rigid case with hs
*=4.23×10-3, the analytical model overpredicts lift just after the 

mid stroke which is at the reversal of the stroke as is shown in Fig. 5(a). For the flexible case with thickness ratio 
1.13×10-3 at St=0.225 as shown in Fig. 5(b), coefficient of lift is in good agreement with the high-fidelity numerical 
computations. With the increase in flexibility for thickness ratio hs

*=0.85×10-3 and with increase in St=0.25, the 
analytical model underpredicts the coefficient of lift at the beginning of the stroke and then overpredicts before the 
mid stroke for t* around 0.3 through 0.8 as shown in Fig. 5(c) and then slightly under predicts before the end of the 
stroke. 

In order to summarize the comparison for all cases, we plot the maximum lift within a stroke from the analytical 
model against the high-fidelity results in Fig. 6(a). For the cases with high thickness ratio, analytical results slightly 
underpredict CL compared to the high-fidelity results at lower Strouhal numbers but at the higher Strouhal numbers 
analytical results are in good agreement with high-fidelity results. When the flexibility increases, i.e. thickness ratio 
reduces and frequency ratio increases, maximum lift coefficient decreases. Also, the agreement worsens for very 
flexible cases. However, overall, the analytical model is able to predict the maximum lift reasonably and the accuracy 
improves for stiffer wings. Figure 6(b) describes the behavior of maximum coefficient of lift with respect to the 
Strouhal number. Maximum lift increases with increase in the motions of frequencies or Strouhal numbers. 

 

 
 

Figure 6. Maximum lift coefficient.(a) Analytical maximum coefficient of lift plotted against numerically 
computed data for five thicknesses and various Strouhal numbers; (b) Analytical maximum coefficient of lift 
plotted against the Strouhal number for five thicknesses. (■) hs

*=4.23×10-3, (▼) hs
*=1.41×10-3, (♦) hs

*=1.13×10-

3, (●) hs
*=0.85×10-3, (▲) hs

*=0.56×10-3. High-fidelity results are from Kang et al.10 
 

D. Time-Averaged Power Input 
Time-averaged power input is computed based on the lift and plunge velocity and is given as in Eq.(12), 

 
 P LC C h   (12) 

 
Where PC  is the time-averaged power input and is also known as mean profile power26,27. Results related to the time-

averaged power input are compared against the high-fidelity numerical models10 to analyze the aerodynamic 
performance of the flapping wing. 
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Figure 7. Time-averaged power input. (a) Time-averaged power input plotted against high-fidelity numerical 
computations10, (b) Time-averaged power input plotted against Strouhal number for analytical computations 
and (c) high-fidelity computations10. (■) hs

*=4.23×10-3, (▼) hs
*=1.41×10-3, (♦) hs

*=1.13×10-3, (●) hs
*=0.85×10-3, 

(▲) hs
*=0.56×10-3. 

 
Analytical time-averaged power input is plotted against the high-fidelity numerical values in Fig. 7(a) to analyze 

the behavior of airfoil cases with varying flexibilities. At lower Strouhal numbers for all the thicknesses, the analytical 
model slightly overpredicted the power requirements but improves with the increase in Strouhal numbers. Overall, the 
analytical results are in good agreement with high-fidelity numerical computations. Time-averaged power input is 
plotted against the Strouhal number in Fig. 7(b). For comparison purposes, numerical computations10 are included in 
Fig. 7(c). All cases except the thinnest airfoil cases show similar trends. 

 

E. Propulsive Force Generation 
Propulsive force, or thrust, is the predominant factor that affects the aerodynamic behavior of the flapping wing. 

Coefficient of thrust CT is calculated from propulsive force, which in turn is estimated from the lift in Eq. (11) by 
considering the geometric angle of attack for the rigid teardrop and effective angle of attack for the flat plate as shown 
in Eq. (13) 
 

  (13) 

 
 

 
 

Figure 8. Time-averaged thrust coefficient. (a) Comparison of time-averaged thrust between the current 
analytical and high-fidelity10 results; (b) Analytical time-averaged thrust normalized by effective stiffness 1 
plotted against relative wing deformation amplitude normalized by the plunge amplitude; (c) High-fidelity 
time-averaged thrust normalized by effective stiffness plotted against relative wing deformation normalized by 
plunge amplitude. (■) hs

*=4.23×10-3, (▼) hs
*=1.41×10-3, (♦) hs

*=1.13×10-3, (●) hs
*=0.85×10-3, (▲) hs

*=0.56×10-3. 
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Similar to the lift computation, thrust is computed separately for rigid teardrop and flexible flat plate. Shyy et al.3 
demonstrated that the individual contribution of thrust by the flexible plate is due to the effective projected area. For 
rigid cases, the flexible flat plate did not produce any thrust. 

Analytically computed time-averaged thrust is plotted against numerically computed thrust to understand the 
behavior of aerodynamic forces of flapping wing in Fig. 8(a). Analytical and high-fidelity values are in accord with 
each other. However, the analytical model consistently overpredicts the thrust. Figure 8(b) illustrates that time-
averaged thrust can be related to relative tip displacement by normalizing thrust with effective stiffness Π1

10, which 
shows a nonlinear relationship similar to Fig. 8(c), obtained from high-fidelity numerical solutions. 

 

IV. Concluding Remarks 
This paper will present an analytical model of the wing deformation, lift, and thrust as a function of time for a 

flexible flapping wing in forward flight. We also calculate derived performance metrics, such as time-averaged power 
input . The wing is modeled as a linear elastic flat plate coupled with fluid dynamic force estimated from Theodorsen’s 
equation of lift. Theodorsen’s unsteady lift includes both added mass and circulatory lift due to vortices in the flow. 
We consider the chordwise flexible airfoil cases, performed experimentally by Heathcote and Gursul5. The analytical 
results presented in this abstract are in good agreement with the high-fidelity numerical computations, which were 
computed using a Navier Stokes equation solver, fully coupled to a structural dynamics model10. 

In the main paper, we will address the validity and applicability of the presented analytic model. We will use the 
flow field information from the high-fidelity numerical results10 to discuss involved assumptions and simplifications. 
Moreover, we will estimate the efficiency and calculate and derive the optimal kinematic parameters that result in the 
highest propulsive efficiency.  

We believe that the proposed model can be used as fast, accurate model to understand the flight of biological flyers 
and helps in the development of MAVs. 
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